Prepared by: M.Riaz M.Sc: Statistics 1.U.B (2006-8): Lecturer Statistics (03337368518)- 1

Beta Distribution of Kind 2
Let ‘X’ be a positive continuous random variable with interval (0,%0) is said to be Beta
distribution of 2" kind, having its p.d.f

)= 1 L
B(a,b) (L+x)*"

And its function is

0<x<w

0 a-1

Blab)=

o (1+X)
It has two parameters a & b.

Properties

1) Beta distribution is a continuous distribution.
ii) The total area under the curve is unity.
ii1) The range of the distribution is 0 to co.
iv) It has two parameters a & b.

a
v) The mean of the beta distribution of 2" kind is E(X) - b_—l

a | a+b-1
vi) The variance of the beta distribution of 2" kind is Var(x) = b—1 (b —1)(b ~ 2) .
a-1

vii) The mode of the beta distribution of 2" kind is Mode = m

a-t

viii) The harmonic mean of the beta distribution of 2" kind is HM =

Prove that total area under the curve is unity
Proof:
Let by definition
Total Area: Area= J. f (x)dx
As x = beta 2" (a,b)

(o=t X"
Bab) L+ 1)

a-1

Ama:j L X X
2 B(ab) 1+x)

0 a-1

X
Bah) l T A)

As we know that beta function is
0 a-1

plab)=| —

o B
D) ®)

Comparing (A) & (B) and we get
a=a &b=b

pa,b)=p(ah)

e
Area = /i(a, b)

Putin (A)
ﬂ(a! b) =1

Hence Proved
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Derive r'™ moment about origin and use it to find mean & variance
Solution: Let by definition

/,zr' = E(xr):jxr f (X)dx
As X~ beta 2" (a,b)

(o=t X~
Bab) L+ 1)

= dx
'ul’ ﬂ( ,b) (1+X)(a+r)+(b—r) (A)

As we know that beta function is
0© a-1

plab)=| —

dx
L (L0 ®)
Comparing (A) & (B) and we get
a=atr &b=D-r
,B(a,b)=,3(a+r,b—r) Putin (A)

ur': p@a+r,b-r)

1
p(a,b)
Jreafor
: 5r+a+b—r
SN
Jrar
SO
_Jreaper

Hence the required result
!

I\/Iean=,L11=E(X) Putr=1ineq (C)

- eafid
JaJi-1
“Tab-1Jo-L

!

_a
A=h
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Now, putr =2 ineq.(C)

Tl
(it

T Tk

. afa+1))a)b-2

% Ta(b-1)(b-2))b-2

QD

Var(x) = a ab—a+b—1—ab+2a)]

b-1|  (b-1)(b-2)
a | a+b-1
b-1| (b-1fo-2)
Find mode of beta distribution of kind 2"

Var(x) =

Solution:
As x = beta 2" (a,b)

f (X) _ 1 Xa—l b
p(a,b) L+x)*

Let by definition
If following two conditions are satisfied then mode exists.

d
f(X’)=0 or &Iog f(X):O

2

d
f(Xl)<0 or Wlog f(X)<0

a-1
f(x) = 1 X b
B(a,b) (L+x)*
Taking log on both sides:
log f (x) =log A(a,b) +(a-1)log x—(a+h)log(1+X)
Differentiate w.r.t to ‘x” & equating to zero::
a-1 a+b

d
—log f(X)=04+—-——
dx g1 X 14X

0<x<w
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d (a-1) (a+bh)
Eimgf(x)' X _(1+x) )
Oz(a—Da+x)—Ma+b)
X(1+X)
x(@+b)=(@-DI+x)
X0+xa=a+ax—1-x

Xo+x=a-1
X(b+1)=a-1
Yo a-1
(b+1)
Again diff. eq(i) w.r.t to ‘x’
d’ (a-1) (a+h)
—log f(x)=
dx’® 09 H00=- X +a+m2
Yo a-1
Put (b +1)
2 —
d—zlog f)-—8D , @D
dX a—l (1+a_1)2
b+1 b+1
2 2 2
ol_2 o (X):_(a—l)(szrl) . (a+b)(b+1)2
dx (a-1f  (b+1l+a-1)
2 2 2
o|_2 og (X):_(a—l)(szrl) +(a+b)(b+21)
dx (a-1) (a+h)

d e @D (a+h)
X2 log (x)=—~(b+1) {(a_1)2+(a+b)2]<o

. a-1
Therefore, X= (b -I-l) is the required mode of beta distribution of kind 2™

Find Harmonic mean of beta distribution of kind 2nd,
Solution: Let by definition

1

HM= (1) A
E[lj (A)
X

E(E) ST
X X
As x = beta 2" (a,b)

1 x!
f(X):ﬂ(a,b) L 0< X<
1

EE):
X) P

3)-
X) B

a—

dx

1
(1 + X)a+b
(a -1
1 + X) a- 1)+(b+1

1 X
( )dx

i
1 o0
(a b)! ®)
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As we know that beta function is
0© a-1

a,b)=
ﬁ( ) '([ (1_|_ X)a+b
Comparing (B) & (C) and we get
a=a-l & b=Db+1
(a,b)=pa-1b+1) Put in (B)
1 1
= a-1h+1
et

E[l 1 a—lm
]z

)a b )a—1+b+1

dx ©)

m

Ja+b
(1) JarB e
x) Jajb )a+b
ONLIES
x) a-l)a-1
(L. b
x) a-1
Put in (A)
1
HM= p
a-1)
(2-1)
H.M =

Hence the required harmonic mean of beta distribution of kind 2"
Derive the moment generating function of beta distribution of 2" kind

Let by definition of m.g.f of beta distribution of 2" kind
Mo (t) = E(e") = [€" f (x)dx
As we know that

w_g, B ®)° ©)°,

e
1! 2! 3!
etx :Z tX)
r=0 r!
0 tI’XI’
etx —
Then we get
0 tI’XI’
MO(t):J.rZ—(; [l
0 tl‘ ,
Mo(t)=;ﬁjx f (x)dx (A)

Now we consider
[x £ (x)ax
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ﬂ( ,b) (1_|_ X)(a+r)+(b—r) (B)

As we know that beta function is
0 a-1

plab)=| —

a+ dx C
Vo x) ©

Comparing (B) & (C) and we get
a=atr &b=D-r

B(a,b)=p(@+rb-r) Putin (B)
j X" f(X)dx = Ba+r,b-r)

1
plab)
rralbor

o Jrraer
) —

j X" f (%) L
.m
"Xr X)dxzw

TR »
Mo(0)=3 E—mm

Required m.g.f D
20 Jap q g (D)
As we know the relationship b/w m.g.f and rth moment about origin
o0 tr ,
Mo(0)=3 o )
r=0 !~

Comparing (D) and (E) we get
, \r+a)b—r
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